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3.1 Bloch Theorem

Schrodinger equation of one electron in crystals

[
− ~2

2m
∇2 + V (~r)

]
ψ(~r) = Eψ(~r)

V (~r + ~T ) = V (~r), for all ~T in a Bravais Lattice

V (~r) =
∑
~G

V~G exp(i ~G · ~r), V~G =
1

vcell

∫
d3rV (~r)exp(i ~G · ~r)

V is a periodic potential which exhibits translational symmetry as well as point group
symmetry
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Bloch’s Theorem

In a periodic potential, an eigenstate can be chosen of the form,
ψ~k(~r) = u~k(~r) exp(i~k ·~r) where u~k(~r + ~T ) = u~k(~r), or ψ~k(~r + ~T ) = exp(i~k ·~r)ψ~k(~r)

That is when we move by ~T , all the eigenstate does is to change its phase by exp(i~k · ~r).

In general, ~k is real and determined by the boundary condition, 2π/L, 4π/L, 6π/L, · · ·.

Proof

Consider a translation operation by a lattice spacing R,
T~R f (~r) = f (~r + ~R) for an arbitrary function f (~r). & T~RT ~R′ = T ~R′T~R = T~R+ ~R′

T~R commute with the crystal Hamiltonian H, since

T~RH(~r)ψ(~r) = H(~r + ~R)ψ(~r + ~R) = H(~r)ψ(~r + ~R) = H(~r)T~Rψ(~r)

→ T~Rs for all Bravais Lattice ~R and Hamiltonian H form a set of commuting operators
∴ Eigenstates of H can be chosen to be simultaneous eigenstates of all T~R ,

→ H(~r)ψ(~r) = Eψ(~r) & T~Rψ(~r) = c(~R)ψ(~r)
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Furthermore T ~R′T~Rψ(~r) = c(~R)T ~R′ψ(~r) = c(~R)c( ~R ′)ψ(~r) & T~R+ ~R′ = c(~R + ~R ′)ψ(~r)

∴ c(~R)c( ~R ′) = c(~R + ~R ′)

Then for ~R = n1~a1 + n2~a2 + n3~a3, c(~R) = c(~a1)n1c(~a2)n2c(~a3)n3

Since one may represent c(~ai ) = e2πixi and c(Ni~ai ) = 1(periodic boundary cond.),

e2πiNi xi = 1→ 2πNixi2πmi → xi =
mi

Ni

Therefore, one may write C(~R) = e
2πi
(

n1m1
N1

+
n2m2
N2

+
n3m3
N3

)
≡ e i

~k·~R

where ~k =
2πm1

N1|a1|
â1 +

2πm2

N2|a2|
â2 +

2πm3

N3|a3|
â3 =

2π

L1
m1â1 +

2π

L2
m2â2 +

2π

L3
m3â3

For any energy eigenstate ψ(~r)

TRψ(~r) = c(~R)ψ(~r) ⇒ ψ(~r + ~R) = e i
~k·~Rψ(~r)

One may define, u(~r) = e−i~k·~rψ(~r), then u(~r + ~R) = u(~r)

and ψ(~r) = e−i~k·~ru(~r)
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3.2 Central Equation

Any function obeying the Born-von Karman boundary condition can be expanded with Fourier
components ~k = m1

N1

~b1 +
m2
N2

~b2 +
m3
N3

~b3

→ ψ(~r) =
∑
~k

Ck exp(i~k · ~r)

And the potential is periodic → V (~r) =
∑
~g

Vg exp(i~g · ~r)

Rewrite the Schrodinger equation using these expansions[
−

~2

2m
∇2 + V (~r)

]
ψ(~r) = Eψ(~r)

(a) −
~2

2m
∇2
ψ(~r) = −

~2

2m
∇2
∑
~k

Ck exp(i~k · ~r) =
∑
~k

Ck exp(i~k · ~r)
~2k2

2m

(b) V (~r)ψ(~r) =
∑
~g

Vg exp(i~g · ~r)
∑
~k

Ck exp(i~k · ~r) =
∑
~g,~k

VgCk exp(i(~k + ~G) · ~r) =
∑
~g,~k

VgCk−g exp(i(~k · ~r)

(c) Eψ(~r) = E
∑
~k

Ck exp(i~k · ~r)

∑
~k

Ck
~2k2

2m
+
∑
~g

VgCk−g

 exp(i~k · ~r) = E
∑
~k

Ck exp(i~k · ~r)
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∑
~k

Ck

(
~2k2

2m
− E

)
+
∑
~g

VgCk−g

 exp(i~k · ~r) = 0

Central Equation

⇒ Ck

(
~2k2

2m
− E

)
+
∑
~g

VgCk−g = 0, for all ~k

: Equivalent to Schrodinger equation written in momentum space

Solution
Let’s choose {C~q} as {· · · 0, 0, 0,C~q−~g , 0, · · · , 0,C~k , 0, · · · , 0,C~q+~g , 0, 0, · · · } where C ′~qs
satisfies the central equation.

ψ~q(~r) =
∑
~g

C~q+~g exp(i(~q + ~g) · ~r) = exp(i(~q · ~r)

∑
~g

C~q+~g exp(i(~g · ~r)

 ≡ exp(i(~q · ~r)u~q(~r)

u~q(~r + ~R) =
∑
~g

C~q+~g exp(i(~g · (~r + ~R)) =
∑
~g

C~q+~g exp(i(~g · ~r) = u~q(~r) : periodic

Bloch theorem is also proved

Do Young Noh (GIST) Chap.3 Electrons in a periodic potential 6 / 20



Significance of ~k-label

1 ψ~k(~r + ~T ) = exp(i~k · ~T )ψ~k(~r)
~k · ~T is the phase factor by which a Bloch function is multiplied when we make a
translation by ~T

2 Momentum
Pψ~k(~r) = ~

i
∇ψ~k(~r) = ~

i
∇
(

exp(i~k · ~r)u~k(~r)
)

= ~~k exp(i~k · ~r)u~k(~r) + exp(i~k · ~r) ~
i
∇u~k(~r) = ~~kψ~k(~r) + exp(i~k · ~r) ~

i
∇u~k(~r)

ψ~k(~r) is not a momentum eigenstate

~~k is a not a physical momentum of an electron.
~k is a quantum number : Characteristic of the translational symmetry of a
periodic potential.

3 For a free electron, V~G = 0, Central equation becomes

(
~2k2

2m
− E

)
Ck = 0 ⇒ E =

~2k2

2m
, C~k+~g = 0 for all ~g 6= 0

ψ~k(~r) =
∑
~g

C~k+~g exp(i(~k + ~g) · ~r) = C~k exp(i(~k · ~r)
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Explicit write out of the Central Equation

Schoringer Equation ↔ Central Equation

Central Equation:

(
~2k2

2m
− E

)
C~k+~g +

∑
~g′

V~g′C(~k+~g)−~g′ = 0 for all ~g

V~g = V ~−g : inversion symmetry.

Assume that V~G = V ~−G = V is the only important term (sinusoidal potential). ~G is the
shortest reciprocal lattice vector.

For a given ~k (
~2k2

2m
− E

)
C~k + V~GC~k−~G + V~GC~k+~G = 0(

~2(~k + ~G)2

2m
− E

)
C~k+~G + VC~k + VC~k+2~G = 0(

~2(~k − ~G)2

2m
− E

)
C~k−~G + VC~k−2~G + VC~k = 0

· · · · · · · · ·
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...
...

...
...

...
...

...
λ~k−2~G − E V 0 0 0 · · · 0

V λ~k−~G − E 0 0 0 · · · 0
0 V λ~k − E V 0 · · · 0
0 0 V λ~k+~G − E V · · · 0
...

...
...

...
...

...
...





...
C~k−2~G

C~k−1~G

C~k
C~k+~G

...


= 0

with λ~k =
~2k2

2m

Note

1) To have a non-trivial sol., the determinent should vanish. → Provide Eigenvalue E~kn
~k : the wave vector that labels C~k
n : the index for the order of energy (band index)

2) If we had started with ~k + ~g instead of ~k, we would have obtained the same set of

eigenvalues. Hence we can restrict ~k values in the first Brillouin Zone
→ Reduced Zone Scheme

3) Wave function ψ~k(~r) =
∑
~g C~k+~g exp(i(~k + ~g) · ~r) and ψ~k+~g (~r) = ψ~k(~r)
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Empty Lattice, V = 0, Free Electrons

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

...
...

...
...

...
...

...
λ~k−2~g − E V 0 0 0 · · · 0

V λ~k−~g − E 0 0 0 · · · 0

0 V λ~k − E V 0 · · · 0
0 0 V λ~k+~g − E V · · · 0
...

...
...

...
...

...
...

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

⇒ · · · (λ~k−2~g − E)(λ~k−~g − E)(λ~k − E)(λ~k+~g − E) · · · = 0

⇒ E~k,~g =
~2(~k + ~g)2

2m
~g : reciprocal lattice vector

Example ) Low-lying free electron bands of a simple cubic lattice along the [100]
direction

1) n=1, ~g = 0 → E = ~2~k2
2m

2) n=2, ~g = 2π
a
x̂ → E = ~2

2m
(kx + 2π/a)2

3) n=3, ~g = −2π
a

x̂ → E = ~2
2m

(kx − 2π/a)2

4) n=4,5 ~g = ±2π
a

ŷ → E = ~2
2m
{k2

x + (2π/a)2}

5) n=6,7 ~g = ±2π
a

ẑ → E = ~2
2m
{k2

x + (2π/a)2}
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3.3 Nearly Free Electron Case

Quantum perturbation theory

For H = H0 + V with small V
ψ0

m: solutions for H0 → H0ψ
0
m = Emψ

0
m

E~k = E 0
~k

+ 〈ψ0
~k
|V |ψ0

~k
〉+

∑
~k′

| 〈ψ0
~k
|V |ψ0

~k′
〉 |2

E 0
~k
− E 0

~k′

ψ~k = ψ0
~k

+
∑
~k′

〈ψ0
~k
|V |ψ0

~k′
〉

E 0
~k
− E 0

~k′

ψ0
~k′

For electrons in crystal

E~k = E 0
~k

+ V0 +
∑
~g 6=0

|V~g |2

E 0
~k
− E 0

~k−~g

- Vg tends to zero rapidly

- Degenerate case E 0
~k

= E 0
~k−~g

should be handled separately. (~k lies on a zone boundary)
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ψ~k(~r) =
∑
~g

C~k+~g exp(i(~k + ~g) · ~r)

(
λ~k+~g − E

)
C~k+~g +

∑
~g′

V~g′C(~k+~g)−~g′ = 0 for all ~g

For ~k away from a zone boundary,
By assuming that all C~k−~g are small except C~k ,

C~k+~g ≈
V~g

λ~k+~g − λ~k
C~k

For ~k near a zone boundary, where |~k| = |~k − ~G |.

(λ~k − E)C~k + V~GC~k−~G = 0

(λ~k−~G − E)C~k−~G + V~GC~k = 0

For a non-trivial solution the determinant should be zero∣∣∣∣ λ~k − E V~G
V~G λ~k−~G − E

∣∣∣∣ = 0

⇒
(
λ~k − E

) (
λ~k−~G − E

)
− V 2

~G
= 0

⇒ E =
1

2

(
λ~k + λ~k−~G

)
±
[

1

4

(
λ~k − λ~k−~G

)2
+ V 2

~G

]1/2
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For k = 1
2
G+k̃ with k̃ � 1

E =
1

2

~2

2m

{(
1

2
G + k̃

)2

+

(
−1

2
G + k̃

)2
}
±

{
1

4

(
~2

2m

)2

4G 2k̃2 + V 2
G

}1/2

≈ ~2

2m

{(
1

2
G

)2
}
± VG +

~2k̃2

2m

{
1±

(
~2

2m

)2
G 2

VG

}

=
(
λ(1/2G) ± VG

)
± ~2k̃2

2m

(
2λG/2

V
± 1

)
At the zone boundary k̃ = 0

A bandgap is created

Band gap : Forbidden energy range

electrons in a crystal cannot have energy value in this range

Near the zone boundary,

The band energy varies as quadratic in k̃ as we move away
from the zone boundary
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A weak periodic potential, V (x) = Ve−igx + Ve igx = V cos gx

Eigenstate (Bloch wave function)

For E = λG/2 + V

(λG/2 − λG/2 − V )CG/2 + VC−G/2 = 0 ⇒ CG/2 = C−G/2

⇒ ψG/2(x) = CG/2

(
exp(i

Gx

2
) + exp(−i Gx

2
)

)
∝ cos(

Gx

2
)

For E = λG/2 − V

(λG/2 − λG/2 + V )CG/2 + VC−G/2 = 0 ⇒ CG/2 = C−G/2

⇒ ψG/2(x) = −CG/2

(
exp(i

Gx

2
)− exp(−i Gx

2
)

)
∝ sin(

Gx

2
)

V is negative

Bragg Diffraction : standing wave eigenstate :different spatial charge distribution
⇒ difference in potential energy ⇒ band gap
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3.4 Ferm Surface

Bloch wave function : ψ~k(~r) = u~k(~r) exp(i~k · ~r)

Energy Band : En(~k), ~k + ~G ⇒ ~k

Two ways to using quantum numbers

n, ~k : ~k k restricted to the1st Brillouin zone En(~k) = En(~k + ~G)

~k : ~k without restriction

Three different zone schemes to represent energy band

1. Reduced zone scheme (k is confined to the 1st zone)

2. Extended zone scheme : Different bands are at different zone

3. Periodic zone scheme : Every band is drawn in every zone (redundant)
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Description of energy in k-space
In 2,3 dimensions, it is impossible to draw energy vs k curve directly. Instead it is
customary to draw

Constant energy surface in k-space

Draw energy vs k in a particular direction -Band Diagram

Fermi Surface
: The surface of the constant energy at EF in ~k-space.

Separates the unfilled orbitals from the filled orbitals at T=0

Determine electrical properties of the metal

Free Electron : Sphere of radius kF kF =
(
3π2N/V

)1/3
In two-dimensional square lattice
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Effect of the lattice potential on the Fermi Surface

Develop energy gap at the zone boundary

Round out sharp corners in the Fermi surface

Total volume enclosed by the Fermi surface remained unchanged. (given by N/V)

The Fermi surface intersect the zone boundary perpendicularly

Electron Orbit, hole Orbit, Open orbit

~d
~k

dt
= − e

c

1

~
∇~kε× ~B

Electron Orbit Hole Orbit Open Orbit
encloses filled State encloses empty State
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